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Abstract. The one-dimensional—/ model at the supersymmetric poinf, = 2¢, with a
magnetic impurity of arbitrary spif§ is studied exactly using the Betlamsatztechnique. The
impurity interacts by spin exchange with the electrons on neighbouring sites of a lattice without
destroying the integrability. The discrete Betiesatzequations diagonalizing the model, and
the thermodynamic equations are derived. The impurity free energy is obtained for arbitrary
band filling as a function of temperature and external magnetic field. The impurity can localize
up to one itinerant hole, and has in general mixed-valent properties.

1. Introduction

During the last decade the Hubbard amd models have received great attention in the
context of the highZ, cuprate superconductors [1]. The Hubbard model for a strong
Coulomb repulsion reduces to theJ model with smallJ and excluded multiple-electron
occupation of each site. On the other hand, the low-energy excitations of the three-band
Hubbard model (two oxygen p states and one copper 3d orbital per unit cell of thg CuO
plane) can also be reduced to an effective one-batidmodel [2]. Hence, the—J model

can be considered with and J as independent parameters which may have comparable
values.

The one-dimensional-J model has been investigated by numerous methods, e.g., with
a variationalansatzfor the Luttinger liquid [3], by cluster diagonalization using the Lanczos
method [4], Monte Carlo simulations [5], and the Betimesatz[6, 7]. The one-dimensional
t—J model is only integrable foy = £2¢. The necessary condition for the integrability is
the factorization of the many-electron scattering matrix into two-particle scattering matrices
(the Yang—Baxter triangular relation), which imposes conditions on the scattering process.
Only for J = £2¢ [6, 7] are the sets of wavenumbers of the incoming and outgoing particles
identical, leading to a graded permutation superalgebra [6, 8-10], i.e. the spin of the elec-
trons and the charge holes play a similar role. The integrability of the supersymmetric model
was first stated by Lai [11] and Sutherland [6], and has subsequently been rediscovered by
other authors [7, 12, 13].

Impurities play an important role in correlated electron compounds, in particular in
one dimension, since even a small number of defects may change the properties of the
system. Unfortunately, an impurity introduced into an integrable system usually destroys
the integrability. Besides magnetic impurities in non-interacting metals (e.g. in the Kondo
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effect, the Anderson impurity model, and the multichannel Kondo problem; see references
[14-17]), there are only a few exceptions of integrable models with interactions containing
impurities. Andrei and Johannesson [18] incorporated a magnetic impurity of arbitrary
spin into the isotropic spir%— Heisenberg chain. The interaction between the impurity and
the neighbouring lattice sites has to be of a special form to preserve the integrability.
These results were then extended to the Babujian—Takhtajan spin chain of spid an
arbitrary impurity of spinS [19, 20]. The properties of isolated impurities are analogous

to those of the multichannel Kondo problem, i.e. the underscreened, spin-compensated, and
overscreened situations have to be distinguished [17, 20]. It has been argued [21] that these
low-temperature properties of the impurity correspond to non-generic fixed points. The
peculiarities, however, do not arise from integrability [22]. Other authors [23] proposed
different models involving non-magnetic impurities, which do not introduce backward
scattering.

Interactions among the conduction electrons of the host are particularly important in
one dimension, where the properties change from those of a normal Fermi liquid to those
of a Luttinger liquid [24]. In reference [25] it was shown, using Abelian bosonization and
renormalization-group calculations, that for Luttinger liquids with magnetic impurity the
Kondo temperature depends on the exchange coupling in a power-law fashion, but if the
coupling is sufficiently strong, there is a crossover to the usual exponential dependence.
Using the poor man'’s scaling method, it was argued in [26] that in Luttinger liquids at low
temperatures the impurity spin is screened completelySfer %), like in the Kondo effect
for an ordinary Fermi liquid, and that the exchange coupling with the impurity flows to the
strong-coupling regime for both antiferromagnetic and ferromagnetic interactions. Recently,
in reference [27], it was shown using non-Abelian bosonization and boundary conformal
field theory that the Kondo interaction corresponds to equal forward and backward scattering,
and that there are two types of scaling fixed point: either a local Fermi liquid, or a non-Fermi
liquid displaying critical behaviour.

In this paper we consider a magnetic impurity embedded into the supersymmetric
J model. There is more than one example of magnetic impurity that can be devised
without spoiling the integrability. In a previous contribution we presented the solution of the
supersymmetric—/ model with an undercompensated Anderson-like mixed-valent impurity
[28]. Here we consider a Kondo-like magnetic impurity embedded in the supersymmetric
t—J model. The Beth@nsatzequations automatically ensure the integrability of the model.
The impurity consists of a spi§ on a given link, which by construction interacts only
with electrons on both neighbouring sites via spin exchange. This coupling gives rise to
underscreening of an effective spSth% to an effective spir§. The impurity is driven by
the interactions of the host, and is hence quite different from an ordinary Kondo impurity.
The effective impurity spinS + % arises from the ‘attractive’ interactions in the host/
model [7], where the ground state consists of a Dirac sea for electrons in singlet pairs. Since
in the t—J host there are both charge and spin interactions, the charge of the impurity also
interacts with the—J host (in contrast to the case of a non-interacting host). This gives rise
to intermediate-valence behaviour of the impurity [16]. Charge and spin fluctuations of the
impurity, however, occur on different energy scales. The impurity takes one electron from
the host, hence producing a hole in the Dirac sea. This destroys one gapless singlet pair
giving rise to one energy scale which is specific to the host. The second energy scale is the
usual Kondo temperature. Close to integer valence, two fixed points play a role for the spin
degrees of freedom: (i) at low and small fields the impurity behaves like an asymptotically
free spinS; and (ii) if eitherT or H (or both) are large, the fixed point corresponds to the
asymptotic freedom of a spifi+ % There is a smooth crossover between these regimes at
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intermediateT” and H.

The rest of the paper is organized as follows. The scattering matrices and the discrete
Betheansatzequations diagonalizing the lattice gas with impurity are introduced in section 2.
The monodromy matrix and details of the diagonalization of the transfer matrix are sketched
in appendix A. In appendix B the impurity Hamiltonian is constructed for the lattice and
for the continuum limit. In section 3 we classify the solutions of the Beth&atzequations
according to the string hypothesis, and derive the thermodynamic Bedetzequations.

The thermodynamic properties of the impurity are studied in section 4, and concluding
remarks follow in section 5.

2. Construction of the Betheansatzequations

The one-dimensionalJ model is defined by the Hamiltonian

Ho = —t ; P(C,]'Lgci-&-la + CL.J_UCia)P +J Z(Sl «Siy1— inini_,.l) (1)
Wherecf(I creates an electron of spénat sitei, P is a projector that excludes the multiple
occupancy of each site§; = cjaswfc,»(,f are the spin% operatorsp; = ) cjgc,-a is the
number operator for sitg andJ is the antiferromagnetic exchange coupling. The hopping
¢t can be equated to 1.

Model (1) is only integrable fov = 2¢, i.e. at the supersymmetric point [6, 11]. The

scattering matrix for two electrons with wavenumbgrsandk, then takes the form [7]

(pr— pa)l +iP

X (k1. ko) = .
p1— p2+1

2
wherep = %cot(k/Z), and/ and P are the identity and permutation operators, respectively.
This scattering matrix satisfies the triangular Yang—Baxter relation, which, together with the
excluded multiple occupancy of sites, provides necessary and sufficient conditions for the
integrability of (1).

We introduce the impurity via its scattering matrix with the itinerant electrons. If the
integrability of the supersymmetric-/ model is to be preserved, the impurity scattering
matrix § has to satisfy the triangular Yang—Baxter relation with15, 16] (see appendix
A). As already mentioned in section 1, the impurity scattering matrix following from the
Yang—-Baxter relations is not unique, i.e. more than one impurity form can be constructed
without destroying the integrability [28].

In this paper we consider the impurity scattering matrix [29]

(P — Po + i/Z)SUU’SMM’ + i6gg/§MMf

p—poti 3)

S% (P — po) = a(p — po)

where thes are the Pauli matrices the impurity spin matricesM is the spin component

of the impurity, the unprimed (primed) indices refer to the incoming (outgoing) states,
and a(p) = [(p? + D/(p? + (S + 3)P]Y2. Here S # 0 is the spin of the impurity,

IM| < S, and pg is a parameter controlling the impurity characteristics.

Consider nowN, itinerant electrons and the impurity in a box f, sites. Periodic
boundary conditions imposed on a given electron require it to interchange position with all
of the other electrons, each interchange involving a two-particle scattering matrix. Hence,
when the particle is back at the original position, we obtain an operator consisting of a
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product of N, — 1 electron—electron scattering matricés, and one scattering matrix due
to the impurity, S:

T;(p)) = X }1a(pj — pjv) -+ X; N, (pj = P

x 87 p; — po)X;1(pj — p1) -+ X; 71 (pj — pj-0)- 4
One such operator (the transfer matrix) is obtained for each electrory, +¢1, ..., N,,

and all N, operators are to be diagonalized simultaneously (see appendix A). The corres-
ponding eigenvalues are eXpN,) = [(p; +i/2)/(p; —i/2)]"«. Due to the spin degree of
freedom, the diagonalization of the operat@yﬂeads to a new eigenvalue problem that can
be solved in terms of a second (nested) Bethsatz Each Betheansatzgives rise to a set

of rapidities,{p;}, j =1, ..., N,, for the charges, and a further seA.}, o =1,..., M*,

for the spins §/* is the number of down-spin electrons), which satisfy the discrete Bethe
ansatzequations for the—J model with impurity:

. _ /27N
exp{—iarctan[d p; — po)/(2S + 1)] + iarctan(p; — po)} [H}
j
M* .
= A i/2
- 1‘[71’1 s+ j=1...,N, (5)

ﬂ:]_pj_A/S_|/2
Ay — iS & Ay — pi+1i/2 Mo Ay — Apg +i
Aa—po—IszlAa—pj—l/Z ﬁzlAa—Aﬁ—l

In each equation the first factor on the left-hand side arises from the impurity. The remaining
factors correspond to the supersymmetrid model without impurity. The energy of the
system is given by [7]

1/2

Ne
E=-2N,+2Y — 7~ . (7)
j; pZ+1/4

If S= % equations (5) and (6) correspond to the Bethsatzequations of the standard
supersymmetric—J model for N, + 1 particles andM* flipped spins. The additional
charge has rapidityo, which is not determined selfconsistently. Hence, the ‘additional
electron’ is distinguishable from the remaining ones.

If we suppress the charge fluctuations in equations (5) and (6), i.e. equatiogzero
for all j on the right-hand side of (5) and on the left-hand side of (6), and pgte- 1/J
(J is the Kondo coupling), we essentially (there are two partial waves) recover the Bethe
ansatzequations of the standard Kondo problem. The Hamiltonian describing the interaction
of the impurity with the itinerant electrons is derived in appendix B.

3. Thermodynamic Betheansatzequations

Each eigenstate of the system is specified by two sets of rapidiiies,and {A.}, for

the charges and the spins, respectively, which satisfy the discrete 8eshézequations,

(5) and (6). The structure of the solutions of the Be#imsatzequations is determined by

the host (the supersymmetrie/J model) and can be taken over from reference [7]. The
classification of states is also similar to that of the fermion gas with an attracfivection
potential [30, 31], and thg = 1/2 Anderson impurity in thd/ — oo limit [32]. In fact,
ther—J host also corresponds to an infinite on-site repulsion of electrons (excluded multiple
occupation of each site).
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In the thermodynamic limit the rapidities are classified according t&/{i}- 2M* real
charge rapidities, corresponding to unpaired propagating electronsi(i)@mplex charge
rapidities, representing bound or spin-paired electron states, of the fgres A/, +i/2,

where A/, is a real spin rapidityew = 1,..., M*, and (jii) M; strings of complex spin
rapidities (bound spin states) of length- 1,n =1, ..., oo, of the form
AL = Agn+ipn/2 u=—-m-1,-n-3),...,.n—1 (8)

o,n

where agaim\, , is a real parameter. The intege¥s"’ and M satisfy the relation
o0
MY+ nM; = M*.
n=1

Distribution functions for the rapidities and their ‘holes’ are now introduced for each class,
i.e. p(p) andp;, (p) for the real charge rapidities, (A) ando, (A) for the spin-paired states,
ando, (A) ando, ; (A) for the strings of: spin rapidities. Inserting the above solutions into
the discrete Bethansatzequations, we obtain after Fourier transforming and some algebra
[7]

&erl,h(w) + 6‘mfl,h (w) + Sm,ZSelpr/(zn Na)

- 2cosk(;w) @) +6pp@]  m>1 ©)
1
6140+ 51(0) + 1= 2008t 30 5@) + o) (10
e 1200151 (1) 4 g W/2lel | droofe-(S+1/Dlol _ grlol _ g=(S=1/2l0l _ 1]/(4x N,)
1
=2 cosk(zw) [6' (@) + 64 ()] + p(w) (11)

where p(w) = 60,(w). The terms proportional to/WV, are due to the impurity scattering
matrix. The energy, the total number of electrons, and the magnetization are given by [7]

E/N, = —2N,/N, + 21 / dp p(p)ay(p) + 21 / dA o' (A)as(A)
Ne/N, = /dp p(p)+ 2/ dA o’(A) (12)

o0
S./Ny = S/No + / dp p(p) =D n f dA 0,(A)
2 n=1
wherea, (x) = (1/7)[2n/(4x? + n?)].

The above equations are valid quite generally for all states. We now restrict ourselves
to thermal equilibrium by minimizing the free-energy functional with respect to the density
functions, subject to (9)—(11) and the constraints of constant number of electrons and
constant magnetization (the corresponding Lagrange multipliers are the chemical potential
w and the magnetic field/). We introduce an energy function for each class of rapidities,
defined as

pn/p = expe(p)/T) 0y/0" = exp(y(A)/T)

(13)
aﬂ,h/all = EXp(fﬂn(A)/T) = nn(A) Yo = —¢€
which satisfy the following integral equations [7]:
e(p) = 2nGo(p) + TGox In[(1+€"'") /(1 + )] (14)
V(A) = —2427G1(A) — u+TG1xIn(L+e”T) + TGy »In(L+ e~*/T) (15)

@n(A) = TGo*IN[(1+ 7,41) (L + 1p-1)] (16)
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where the last equation holds far= 1, ..., oo, the star denotes convolutiony = e=*/7,
and G,(A) is the Fourier transform of exp-/|w|/2)/(2 cosiw/2)). The field dependence
is introduced via the field boundary condition:

lim }go,,(A) = H. (7)

n—oo n

The equilibrium free energy of the system is the sum of the free energies of the
supersymmetric—J model and the impurity:

F,;/N, = —T/dp ai(p)In(L+e*P/Ty 1 / dA ax(A)In(1 + e VW/T)
= — YO -2u-2 (18)
T
Fimp = —5 f dA [Gas1(A — po) — G2(A — po) — Gas—1(A — po) — Go(A — po)]

x In(1+e/™/Ty -1 / dA Go(A — po) In(1 + eWM/T) (19)

where the impurity free energy is defined up to a temperature-independent functign of

If the temperature is much larger than the bandwidth,7.e>> 2, we can neglect the
independent (driving) terms in equations (14)—(16), so the potentials and ¢, do not
depend orp and A, and satisfy [7, 30]

1+, = {sin(nH/2T) + x]/ sinh(H /2T }?
/T =1+e")/A+m) (20)
W+w/T _ 1+ efE/T)(l—l— eW/T)

whereng = e¥/T and
er — e2H/T[1 + ef(H+2/4)/2T]/[1 + e(H72,u.)/2T]. (21)

The free energy of the host corresponds to the three degrees of freedom per site of a hole
and a spin%, F,;/N, = —TIn[1 + 2¢*/T cosh(H /2T)], where 1 is measured from the
bottom of the band. The free energy of the impurity is discussed in section 4.

The ground-state integral equations are obtained from equations (14)—(16) in the limit
T — 0. The energy potentiakg, are positive over the entird range for alln > 1, so
string states are not occupied &s— 0. Only thee-band (unpaired electrons) and the
w-band (spin-paired electrons) are populated. The zeros of the potentials define the Fermi
points,s(+B) = 0 andy (£Q) = 0. Both integration limits,3 and Q, are functions ofu
and H. In the limit T — 0, equations (14) and (15) yield [7]

1
(p) = ~2+ 2ray(p) — HH — i - / dA ar(p — A)Y(A) (22)
[A]>Q

W(A) = —4+ 2war(A) — 2u — / dA” az(A — A)Y(A)
IA']>Q

- / dp ax(A — ple(p). (23)
Ip|>B

Similar equations determine the density functions. The energy, the number of electrons,
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and the magnetization of the host are given by

E/N, = —2N./N, + 271/

dp p(p)ai(p) + an dA o'(A)az(A)
Ip|>B

[Al>Q

Ne/Nq = / dp p(p) + 2[ dA o'(A) (24)
p|>B A]>0

1
S./No = S/Na+ 5 / dp o(p).
Ipl=B

In zero magnetic field we havB = oo, and the unpaired electron band is empty. As a
function of field, B decreases monotonically. In zero field, the number of electrons in the
system is a decreasing function of the paraméidi7]. The ground-state properties of the
impurity are discussed in section 4.

4. Properties of the impurity

On the one hand, in the continuum limit the impurity scattering matrix, equation (3), is that of
the single-channel Kondo problem of s@irf29]. On the other hand, the impurity is driven
by the host, i.e. by the supersymmetrie/ model, through the energy potentiatgA) and
@w25(A). Hence, some impurity properties are then expected to be different from those of
the standard Kondo problem. In particular, e model correlates spins and charges, so
in contrast to the case for the ordinary Kondo problem, our impurity also couples to the
charges. The impurity then acquires some mixed-valent character, corresponding to two
magnetic configurations [33, 34]. Except for in special limits, the integral equations for
the energy potentials of the-J/ model cannot be solved analytically. We therefore limit
ourselves to discussing the high-temperature limit and the ground-state properties of the
impurity.

In the high-temperature limit the leading contribution corresponds to constant energy
potentials, independent &f and p, and the impurity free energy (19) is given by

1
Fimp = éT In[(1+ e‘/’(PO)/T)/(l + e‘ﬂzs(ﬂo)/T)].
Expressing &7 and ¢>/T using equations (20) and (21), the zero-field impurity free energy
can be written approximately as

Fimp =-T |n[(25 +1+ f)f] (25)

where f = [1 + exp(g(po) — )/ T)]~* is the Fermi function, ang. is measured from
the bottom of the conduction band. This expression corresponds to an impurity with two
coexisting configurations, one of spifi+ % and the other of spir§. The degree of
admixture of the two configurations is a function g§, via the functiong(pg), which is
even in pg, and monotonically decreasing feg > 0, with g(pg = £00) = 0. The exact
expression for the functiog(po) is complicated, but it can be approximated by (po).
The properties of the impurity depend on the band filling through the chemical potential.
For a given intermediatgo, the spin$ configuration is favoured for — 0, i.e. for low
electron densities, while close to half-filling, = 2In(2), the configuration of spir$ + %
is favoured.

The field dependence of the free energy at highs also given by equations (19),
(20), and (21). Again the exact expression is tedious, so we limit ourselves to presenting
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an approximate one, which includes the field dependence and interpolates between the two
configurations:

Fimp = =T IN{Z(511/2) + expl(g(po) — 1)/ T]1Zs} (26)

where Z5 = sinh[(2S + 1)H/2T]/sinh(H/2T) is the partition function of a free spifi

in a magnetic field. For a fixed field, the specific heat of the impurity as a functidh of
displays a Schottky anomaly, and the zero-field susceptibility follows a Curie law [35]. The
Curie constant and the entropy under the Schottky peak depend on the valence admixture,
i.e. the parameteg(po) — u.

To discuss the ground-state properties of the impurity, we observe that equations (9)—
(11) are linear in the densities, and have driving terms arising from the itinerant electrons
and from the impurity. Hence, the density functions can be separated into a host and an
impurity contribution. Since the impurity is driven by the itinerant electrons, pnly) for
|pl > B ando/(A) for |[A| > Q are non-zero rapidity distributions in the ground state. In
the limit T — 0, the densities for the impurity satisfy

1
pin(p) + pi(p) + f dA ai(p — Mo} (A) = é[azs+1(P — po) — az(p — po)l (27)

[Al>0Q

Ui,,h(A) +0/(A) + /

dA” ax(A — A')o/(A) + f dp ai(A — p)pi(p)
N[>0

Ip|>B

1
= é[azs+2(1\ — po) — azs(A — po) — a1(A — po) — az(A — po)] (28)

and the impurity energy, magnetization, and valence are given by

Eimp = 277/ dp pz(P)al(P) + 277/ dA Oi/(A)aZ(A)
Ipl>B [Al>Q

1

|p|>B

Nimp = / dp Pz(P) + 2/ dA Ui,(A)~
Ip|>B lAlI>Q
The integral equations are coupled Fredholm ones, and differ from the single Wiener—Hopf
equation of the standard Kondo impurity [14, 15, 29]. This is the consequence of the
charges coupling to the impurity via the correlations in the host, and the fact that there are
two Fermi points (forward- and backward-moving particles). Note that the impurity density
functions are not symmetric in their argument, the asymmetry being introduced by
the driving terms. Without loss of generality we can symmetrize them by considering the
half-sum for=py.
In the absence of a magnetic field, i.e. ®r— oo, only one integral equation remains.
Analytical results can be obtained in the limits of low electron dengity¢ oo) and low
hole density 0 — 0). For largeQ, the Fredholm integral equation can be transformed into
a hierarchical sequence of Wiener—Hopf integral equations. The leading contribution to the
valence (fraction of the bound itinerant electron) of the impuritySis-(0)

1 0

21 Q% - p§
where we have assumed th@t>> |po|. On the other hand, if the electron band is filled,
0 =0, the integral equation can be solved by Fourier transformation, and

(30)

Nimp =
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Hence, in this limit we introduced one localized hole into the host (one electron of the
host is localized at the impurity). Corrections for small(low hole concentration) reduce

the valence of holes proportionally 13. Hence, as a function of band filling, the valence
smoothly varies between & — 0) and—1 (N, — N,). The fact that the impurity has a
negative charge density is a novel feature, not common to other impurity models. It is an
essential property of the supersymmetrid model, for which there is an effective attraction

that causes gapless singlet pairs. This effect appears to be reversed at high temperatures,
wheren;,,, grows monotonically with the electron density.

For S = % the impurity corresponds to adding one unbound electron to the system,
which produces a negative ‘driving term’ in equation (28). Thus, in this case the negative
valence of the impurity is similar to the parity effect, i.e. the difference between the
behaviours for even and odd numbers of electrons (see also equations (5) and (6)).

The ground-state magnetization is obtained following standard procedures (see reference
[16]) from equations (27) and (28). Using equation (28), we expséss a function of the
remaining quantities and insert it into (27). We obtain a Fredholm integral equatign for
with two kinds of driving terms, namely, independent terms dependinggoand a term
involving o;. The magnetization is then the sum of two contributions, the magnetization due
to the internal degrees of freedom of the impurity and the magnetization arising from the
valence admixture. Since the magnetic field is usually much smaller than the bandwidth, the
latter contribution is small and linear in the field, and will be neglected here. The integral
equation for the ‘Kondo’-like spin excitations is

pin(p) + pi(p) — / . dp’ Gi(p — p)pi(p") = Gas(p — po) (32)
P>

where we may assume thgg is positive and large. Equation (32) is of the Fredholm type

and can then be reduced to a hierarchical sequence of Wiener—Hopf integral equations. The

leading contribution is just (32) with the integration range restricted to posijtiviarger

than B. The equation then depends only on the paramgger B, which we parametrize

(1/m)In(H/Tk), whereTx plays the role of a ‘Kondo’ temperature. The solution of the

Wiener—Hopf equation yields [16]

1 1
M,-mpzs[1+25—1—4|n(£)/£,2+-.} H < Tk S#0 (33)
1 1., 1 )
My = (S+ 5 )[1= 5L71 = 7 In@)/L7 + - H > Ty (34)

where £ = |In(H/Tk)|. Hence, in a small field the impurity has an asymptotically free
spin S, while in strong magnetic fields the effective spindst % weakly coupled (the
logarithms characterize asymptotic freedom) to the itinerant electrons. For intermediate
fields, the magnetization smoothly interpolates between these two limits. Corrections of
higher logarithmic order to (33) and (34) require the solution of other equations in the
hierarchical sequence of Wiener—Hopf equations, but these contributions are non-universal.
The ‘Kondo’ limit corresponds to the suppression of the charge (valence) fluctuations of
the impurity. Charge fluctuations are described by the energy potentia), so equation
(14) can be replaced by

e(p) = er€ ™ — TGoxIn(L+ 1) (35)

where we kept only the low-lying excitations, given by latgeé, ander is an energy scale
of the order of the band half-width. The coupled integral equations (16) and (35) are very
similar to those of the ordinary Kondo problem, except that there are two Fermi points in
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the Dirac sea of spin rapidities, in contrast to the case of the Kondo problem for free host
electrons which involves only one partial wave [14, 15]. The impurity free energy due to
spin fluctuations is given by the term of (19) involviggs. This term contains the only
po-dependence in the problem. Assuming tpatis positive and large (the Kondo limit),
po = 1/J plays the role of the Kondo coupling. The interference of the two Fermi points
(backward scattering of spin waves) is then not very important for the impurity properties,
and can be neglected.

The magnetic susceptibility shows Kondo logarithms in both the high- and low-
temperature limits [14, 15]:

1
X = (MZ/ST)[l —Lr 4 S \Lr|/Lr? 4+ - } (36)

whereLr = In(Tx/T) andpu is the effective magnetic moment, which takes different forms

in the two limits, i.e.,u? = S(S+1) asT — 0 andu? = (S+ (S + 3) asT — .
Hence, as seen already for the ground state, the impurity spin is only partially compensated
atlowT.

5. Conclusions

In this paper we have considered a magnetic impurity embedded into a one-dimensional
lattice with strongly interacting electrons. The integrable model providing the background of
itinerant electrons is the supersymmetrd model. The translational invariance is broken

by introducing an additional spifi, but the integrability is preserved by construction. We
introduced an impurity scattering matrix, equation (3), that obeys the triangular Yang—Baxter
relations with the scattering matrix of the supersymmetri¢ model. This, together with

the excluded multiple occupation of the lattice sites, provides the necessary and sufficient
conditions for the integrability of the—J model with impurity. The interaction of the
itinerant electrons with the impurity is via an exchange interaction with the two neighbouring
sites of the impurity.

We derived the Beth@nsatzequations, diagonalizing the-J/ model with impurity,
classified all of the states according to the string hypothesis, obtained the thermodynamic
equations including the free energy of the impurity, and discussed the high-temperature and
ground-state properties.

Due to the interactions among the host electrons, the impurity is in a mixed-valent
state resulting from the superposition of the sgimnd spin¢S + %) configurations. This
is seen both from the high-temperature free energy of the impurity and from the ground-
state properties. The degree of admixture is a function of the paramgtéelated to
the exchange coupling with the impurity) and the chemical potential. At @igind for
a given po, the fraction of localized electron at the impurity increases monotonically with
band filling. The variation of the valence with the band filling is more dramatic at low
temperatures, where its range is from 0-td, i.e. the impurity absorbs a fraction of an
electron and creates a hole in the Dirac sea of the host. This implies a negative impurity
charge density, a unique feature of our model. Such behaviour is due to the ‘attractive’
nature of the interactions in the host (the supersymmettiicmodel), for which electrons
paired into singlets determine the low-temperature properties of the model.

In the limit of large| po| and for a given finite electron density at low temperatures, the
impurity can be mapped onto the single-orbital channel Kondo problem otSS{aié. This
mapping is only approximate, because of the correlations among the conduction electrons,
and the interaction between impurity and itinerant electrons not being a contact potential for
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the lattice problem. Hence, on the one hand charge fluctuations are present, and on the other
hand the impurity is scattered not only by the even-parity states (about the impurity site),
but also by the odd-parity states. Consequently, backward scattering across the spin-rapidity
Fermi surface cannot be neglected, but, as argued, it does not have a dramatic impact on
the impurity properties iffx is much smaller than the bandwidth.

Thus, in the Kondo limit the impurity is (under)compensated, i.e. it has an effective
spin S in a small field at low temperatures. The field and/or the temperature (if it is larger
than Tx) break up the partial screening, and the effective spin % is recovered. The
susceptibility follows a Curie law with a temperature-dependent Curie constant. In a small
magnetic field the specific heat has two peaks: one is the Schottky p&ak-atl arising
from the underscreened spint- %; and at highefl" (~Tx) the broad structure of the Kondo
resonance gives rise to the second peak [35]. At larger fields, the two energy scales are no
longer separated, and the two peaks merge into one.

It was mentioned in section 2 that the electron—impurity scattering matrix satisfying the
triangular Yang—Baxter relation is not uniquely defined. In reference [28] we considered
a different impurity embedded into the supersymmetrd chain. The corresponding
scattering matrix is (instead of (3))

i2s+1) oo’
p—po—i(2S+1)/2° MM
(37)
where Pg,‘,";/ = 860 Sym + 8_co'Sprmi2s- The Clebsch—Gordan coefficietMo | M + o),
which is a shorthand notation for

1.1 1
(SM, 50 SZ(S—i- 2)M+a) (38)

selects the way in which the impurity interacts with the itinerant electrons. The impurity
is then capable of temporarily absorbing the spin of one conduction electron to form an
effective spinS + % i.e. it exists in two different spin configurations. Hence, the impurity
has intermediate valence already, without correlations in the host [16, 36, 37]. This impurity
is then quite different from the one considered in the present paper.

S50 (D = Po) = SooSumr + (Mo |M + o) (M'a'|M' + o)
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Appendix A. The monodromy matrix and diagonalization of the transfer matrix

The two-electron scattering matrix (2) satisfies the triangular Yang—Baxter relation

Xowt(p1 = p2) X0 (p1 = p3)X 7% (p2 = pa)

303
= Xoooi(p2 — p2) X100 (p1 = pR)X10h (1 — p2) (A1)
with the identity and permutation operators given ny: 801070005 AN P = 8510200401
Unprimed (primed) spin indices refer to states before (after) scattering. Similarly, the
electron—impurity scattering matrix satisfies

Xt (P1 = P2)Syipp (P1 = PO)Syiry (P2 = Po)

0207,

= Sy (P2 = PO) Sy (P1— PO X100 (p1 = p2).- (A2)
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Equations (Al) and (A2) are the necessary and sufficient conditions for the integrability
[15, 16].
The monodromy matrix [15, 16] is defined as

i
o (@, oo oy, 41)

T Hip HNe—1/4 N, T
= Xa{ai(a ot)Xalazz(az a) - XUN”UN Y (ay, —a)Sy i @n,+1 — @)

(A3)
with implicit summation over all of thgs;-indices. With respect to the indicesand t’,

the monodromy matrix forms a2 2 matrix, which we denote aéj(a) (omitting the spin
indices and parametess) or in terms of the components [15]

[Y=A Li=8B L2=¢C L2=D. (A4)
The trace ofL () is the transfer matrixf'(@) = Y, L7 (@) = A(a) + D(«). It is
straightforward to prove that transfer matrices for different values of the spectral parameter
« commute and can all be diagonalized simultaneously [15, 16].

The operatorsA, B, C and D obey commutation relations which are obtained from
equations (Al) and (A2) by explicitly using the two-electron scattering matrix, equation
(2). The results are similar to those for other models [15, 16], and will not be repeated
here. The vacuum stat, is the state of maximum spin (all electron spins point upward
and the impurity is in the stat® = S). The C-operator acts like a ‘spin-raising’ operator,
and when applied tq, it yields zero. On the other hand3 has the properties of a
‘spin-lowering’ operator, so the vector

o
Qg ...y = [ [ Blep)0 (A5)
p=1

corresponds ta/* flipped spins, and has a spin projection equa%m - M*+S.

The Betheansatzequations are the conditions on the set of parametgrs. .,
under which the vector (A5) is an elgenvectorA)(a) + D(a) Applying Al@) + D(a)
to Q(ay, ..., a).) and commutingd + D through all theB-operators, two types of term
arise, namely (i) those reproducing the vector (A5); and (ii) ‘unwanted’ terms of different
form. Hence, the vector (A5) is an eigenvector of+ D only if the coefficients of the
‘unwanted’ terms vanish. This leads to the following condition on the set of parameters
{ag):

i Ne . _ i M* WA
1= oy TS+ 1)/2 IE Gl I1 701% %! (A6)
an,+1— o, —i1(25 —-1)/2 il % o, Boi @y — O +1

fory=1,..., M*~. o
The eigenvalue of the vector (A5) applied 40+ D is then

aN4,+1—a+i(2S+1)/2ﬁa—a'ﬂ+i

a(oy,+1 — o) . ;
oy,+1— o+ =1 o —ag

aNngl—oz—i(ZS—l)/Zl&[ o —a ﬁa—a/’g—i

1 1 /
oay,+1 — o+ jzla] Ol+|ﬂ:1 a—og

+ alay,+1— @)

(A7)

With ay,+1 = po, &y = py for i =1,..., N, « = p;, and settingxy; = Ag +i/2 in (A6)
and (A7), we obtain the discrete Bethasatzequations for the model.
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Appendix B. The impurity Hamiltonian

By construction of the transfer matrix, the impurity spin interacts only with the two nearest-
neighbour sites. The Hamiltonian describing the interaction between the impurity and the
itinerant electrons is obtained by differentiating the logarithm of the transfer mﬁtd)}

with respect tax at the pointe = 0, and has the forn#t,_; ;,,, = Ho + Himp, WhereHy is

given by equation (1). Here the impurity is situated at the Bjte- 1. Hy can conveniently

be written in terms of Hubbard operators as [8, Hy|= Zf)’;{l H, n+1, Where

Hypi1 = Z (XTOX00y + XX — X7 X0l + X00X)0). (B8)
o,7==%1

For the impurity Hamiltonian we obtain

H;pp = ha(S, po)(Hy, N,+1 + Hy,+1,1) + ho(S, po)Hy, 1
+ 1 h3(S, po)[(HN, N,+1+ Hy,+1.1), Hy, 1] (B9)

where
Hy, No+1 = Z(XU 0XN 1t X XN +1 XX/MX?vlil + X?\I’?X?v’ﬂl)

(B10)
00 MO M oM, 00 00
Hy,4+11 = E :( N¢,+1 + Xy Xy — XXy T+ Xy X))

Here X* = |a)(b| are the Hubbard operators, = 0,41 for host electrons, and
a,b=0,-S,...,8, |M| < S for the impurity), and the square bracket in (B9) denotes
the commutator. Note that both host and impurity states are restricted to only one patrticle
(or hole) at each siteh1(S, po) and ha(S, pg) are even functions 0pg, andhz(S, po) is

an odd function ofpg. The impurity Hamiltonian breaks the parity and the time-reversal
symmetries separately, but, of course, PT is conserved. The sign of the paraméter
important, in particular if finite-size effects are considered, since it gives rise to a mesoscopic
momentum.

It is instructive to study the continuum limit of the model, i.e. the limit where the lattice
constant tends to zero. We can then linearize the kinetic energy in the momentum around
the Fermi level and restrict ourselves to low-energy excitations. Assume that the two Fermi
points are given bytkpg, related totprs by prs = %Cot(sz/Z). Using the notation
v = [2sin(krg/2)]~? for the group velocity of the electrons, we have that the scattering
matrices take the form

(ky — k)T —iv1P

X(ky — kp) = B11
(ky — k2) [y —— (B11)
, 2k — 2¢ —1)/21800 Sparr — IV 2600 St

STk —€) = a(p — po)[( e —1)/2] mm =000 Sunr (B12)

k—e—iv?

Identifying v™! = V?/(2S + 1), these scattering matrices are those of a mixed-valence
impurity with two magnetic configurations of spifsand S + % hybridized via an electron

of spin% [16]. Heree is related topg, and represents the energy difference between the
two configurations relative to the Fermi level. The two partial waves in one dimension,
i.e. forward- and backward-moving electrons, can be transformed into even- and odd-parity
states about the impurity site. Since odd-parity states do not interact with the impurity in
the continuum limit (the contact potential), they can be disregarded. Hence, actually only
even-parity states play a role in the continuum limit. Allowing for a rescaling of the length



3556 A A Zvyagin and P Schlottmann

of the box, the continuum-limit Hamiltonian for the impurity placed at the origin can be
written as [33, 34]

Hipp =€ Y ISM)(SM|+V ) / dx 8(x)[c] (x)|S1M1)(SM | + [SM)(S1Macs (x)]
M

O'MlM

(B13)

where the bra and ket denote the impurity statas= S + % andM; = M + o is the
corresponding-projection. The completeness condition for the impurity requires

Y ISiM1)(S1Ma| + ) ISM)(SM| = 1. (B14)

My M
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